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KINETIC DERIVATION OF TANGENT EQUATION. 



By A. LATHAM BAKER, University of Rochester, Rochester, N. Yi 

The following investigation is, I am afraid, more interesting than valu- 
able, though it gives a very simple way of getting the equation of a tangent. But 
there is evidently an underlying principle which I have not succeeded in getting 
at, which would, if found, undoubtedly be valuable. 

Since a curve can be considered as generated by the motion of a point, we 
can consider this point as the tracing point of a mechanism so adjusted as to 
trace the proper curve. This tracing point can be imagined to be the common 
point of various sets of x and y arms, each set composed of a certain number of 
x points, or of y points. 

Now if, for example, the mechanism be set for the curve represented by 
the equation ax*+by*=c, and we stop the action of an x and a y point, leaving 
an x and a y point current, the new curve will be a straight line in continuation 
of the old motion. That is, the straight line will be a tangent line. 

The algebraic equivalent of this would be found by writing 

axx x + byy l =c 

which would consequently be the equation of the tangent line, found by stopping 
one pair of coordinates (indicated by the subscripts) and letting the remaining 
pair remain current. 

In the same way, from the algebraic mechanism 

ax m +by'"=c 

we get the equation for the tangent line 

ax 1 m - 1 x-\-by 1 m —' 1 y=c. 

Extending this thought to more complicated forms, we have the following 
divisions of algebraic mechanisms, using the word simple to indicate sets o 
terms containing only x's or only ^'s, and compound for terms containing both 
a's and y's. 

A. Terms simple and composed op the same number of tracing points, 
that is of the same degree, as in the examples already given, ax 2 -\-by i =c. In 
these we adopt a current pair of coordinates and make all the others fixed, viz., 
ax^x + by^y^c. 

Example. x+'6y=a. To have a fixed point (point of tangency) we must 
have two mechanisms compounded, viz., 

x+3y-+x+By=:2a, 
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whence, leaving one x and one y current, we get x-\-By-\-x t + 3y l =2a. 

B. Terms simple, but with an unequal number of tracing points, with 
the subdivisions as to variable terms. 

-Bj. Two terms only, example y=x 2 . 

B s . More than two terms but each term balanced by its mate in the 
other letter. 

B z . More than two terms but the terms not balanced. 

B i . As in A, we make one pair of tracing points (coordinates) current, 
but here the potency of the tracing point is inversely proportional to the number 
required to constitute a term, and the number of terms from which a current y 
point must be taken to balance a current x point must be directly proportional to 
the number of points in the term (degree of the term). Thus in y=x 3 -\-b, ouey 
must be balanced by three x's. Hence, taking three mechanisms together, we get 

y+2y=3x 3 +3b. 

Now having current one y and three x's, we get y+2y^ — 3xx?-\-3b. 

Similarly in y 2 —x 3 , two y's must be balanced by three x's and we must 
take 2y 2 +y 2 =Zx 3 . 

Leaving current two y's and three x's, we get 2yy, -\-yf=3xxf. 

Again in y s =4px, one x balances two y's, hence 2y 2 =4px+4px. Leaving 
current one x and two y's we get 2yy 1 =4px-\-4px^ . 

B 2 . Here we put each set of homogeneous terms equal to a summand of 
the absolute term, operate on these equations by A — B x , and add the results. 

Example. y+y 2 =x-\-x s -\-c. 

y-x=p y+y^—(x + x i )=2p 

y 2 —x 2 =q 2yy i —2xx^=2q 

whence y + y t -{-2yy 1 =x-\-x l +2xx 1 -\-2c. 

B s . Here we take the sum of the y's (or x's) and break it up into the sum 
of term of degree similar to the original, each summand being put equal to a term 
of the x's (or y's), and apply A— B s . Or take the sets of homogeneous terms 
and place them equal to summands of the constant term ; operate on these sum- 
mands by A — B 2 and add the results. 

Example. y + y 2 =x V=P V s = Q 

Whence y + yi=p-\-p, 

2 2/2/i=9 + 7i- Whence y + y, -\-2yy x =x+x,. 



Example. y+y 2 =x'*. 


y=p 3 , 


y+2 yi =3pp? 




y 2 =q 3 , 


%yy, +3/, 8 =3 Wl 2 


Whence y+2y x +2yy^ +y* 


=3xx 2 . 




Example. y=x 3 — x 2 -\-x. 


p=x 3 , 


p+P,=3xx 2 -pi 




q=-x 2 , 


q+q,=—2xx l 




r=x, 


r + r l =x-\-x^ 



Whence y + y i =3xx i 2 —2xx 1 -\-x-{-x i —x % 3 . 
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Example. y 2 =x 3 —x 2 . p*=x s , 2pp, j-p 2 — 3xx x 

q 2 =— x 2 , 2^,= — 2xx l 

q 2 =-x 2 
Whence 2yy x + y 1 2 =Bxx 1 2 — 2xx i — a;, 3 . Here </, 2 is added so that we 

can sum up to j/'s. 

Example. y + y 2 =x 3 . y=p, y+y t =2p 

y 2 =q, 2yy 1= 2q 

— x 3 =r, x l 3 — Bxx i 2 =2r 
Whence y + y 1 -j-2yy 1 -\-x- t 3 — Bxx i 2 =0. 

Example. y-\-y 2 =x 3 . y=P, 2/+2i/i=3p 

y*=q, 2/ 1 8 +22/2/i=3g, 

— x 3 =r, — 3xx 1 2 =3r 
Whence y+2y, +y 2 + 2yy 1 — 3ra, 2 =0. 

Example. y=x 3 — x 2 . p=x 3 , p-\-pi=Zxx? — x t 8 

q=—x 2 , q+q 1 =-2xx 1 

Whence y-\-y.=3xx 1 2 —x 3 —2xx^. 

Example. y+y 2 =-x 2 . y=-p2, 2/ + 2/i=— 2p/>, 

y 2 =-q 2 , ^yyx=-H<ix 

Whence y + y x +2yy x =—2xx x . 

Example. y-\-y 2 =^x s — x 2 -\-x. p+p 2 =x 3 , p-\-2p i -\-2pp 1 +p x 2 =Bxx x 2 

q + q 2 =-x 2 , q+q,+2qq x =-2xx, 
r-\-r 2 =x, r+2rr, + r i =x-\-x 1 
Whence y-\-2yy x +3/, =3xxf— 2xx x +x-\-x t — p i —p i 2 =Bxx i 2 — 2xx x -\-x—x 3 



+x 2 . 

Example. y+y 2 -=x 3 — x 2 +x. y—x—p, y+y 1 —x—x 1 =2p 

yz+x 2 =q, 2(yy t +xx,)=2q 

—x 3 =r, —Bxx 1 2 — x 1 3 =:2r 

Whence y-\-y t —x—x x -\-2yy x -\-2xx x =Bxx x 2 — xf. 

The value for 2r is found as follows. Suppose r variable say 2, then 
2+22=— 3a; 3 , «+22 1 = ~3a;a;, 2 , but once 2 is really constant this becomes 22j=2r 
=— 3xx t 2 — a;, 8 . 

C. Terms compound, but of equal degree. 

Cj. The a;'s and j/'s balanced. 

C 2 . The a;'s and j/'s not balanced. 

0, . As in A make one pair current, taking each element from a different 
term. 

Example. xy=l. xy + xy=2, so that a current y may be balanced by a 
current x and leave a fixed point. Whence xy, +a;, j/=2. 

Example. x 2 y 2 =c. x 2 y 2 -\-x 2 y 2 =2c. Whence xx^y? -\-yy x x t 2 =2c. 
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Example. x 3 y 3 =c. x 3 y*-\-x 3 y 3 =2c. Whence xfy?y-\-xx?y?—3c. 

C 2 . As in B 3 , break up the absolute term into summands, each summand 
being equal to one of the class of terms, and proceed as in B 1 , making one pair 
current, selecting its constituents from a number of terms inversely proportional 
to the weight of the elements selected, operating upon the terms as classified in 
A-O u 

Example. x 2 y 3 =c. Here two x's must be balanced by three y'a. Hence 
2xx l y^ 3 -\-'6yy l 2 x 1 2 =5c. 

Example. x 2 y-\-xy s =a. x 2 y=cij, 2xx^yi-\-x?y=3a x . 

xy 2 =n s , 2x,y i y+xy?=3a i . 

Whence x(2x l y 1 +y 2 )+y{2x l y l + x 2 )='6a. 

D. Terms compound and not of the same degree. 
Z>,. x's AND J/'S not balanced in each term. 

£> s . a:'s and y's balanced in each term. 

£>,. Decompose into summands as in B 3 , C, and add the results. 

Example. x 2 y-\-x 2 y s =a. x 2 y—p, x 1 2 y-\-2x 1 y 1 x—3p 

xHf=q, 3x*y*+2x iy *x=5q 

Whence x 2 y+2x l y 1 x+3x?y 2 y + 2x i yfx=3a+2q=3a+2x 2 y 3 . 

Example. x 2 y-\-x 3 y=c. x 2 y=p, x^ i y-\-2xx l y i =3p 

x 3 y=q, ic, 3 ■^-3xx 2 y 1 =4q 

Whence xfy-\-3xx?y y -\-x, 2 y-\-2xx 1 y 1 =3c-±-x fy ^ . 

Example. x 3 y + xy=c. x 3 y=p, x*y + 3xx?y,=4p 

Whence xfy-{-3xx?y^ + x 1 y+y 1 x=2c-\-2p=2c + 2xfy- l . 

D 2 . In /), owing to the unequal weight of x and y in the terms we are 
compelled by C 2 to take a number of terms proportional to the degree of the 
term before we can operate. In D 2 however, owing to the cancellations we must 
specifically designate this requirement or it will be overlooked. Hence, treat 
each term by itself and combine the results, each multiplied by the degree of its 
term. 

Example. xy-{-x 2 y 2 — a. x l y + xy x +2(x?y l y-{-xxiy?)=2p-\-4q=2a 

+ 2x?y?. 

Example. x*y*-\-xy^a. x i y i =p, 4(x i *y i 3 y + y 1 *x. t 3 x)=Hp 

Whence 4x i i y 1 s y-{-lxy i i x{'-\-x 1 y-{-xyj=8p + 2q=2a-{-6x i 4 y i i . 

Example. xy-{-x 3 y 3 =a. xy=p, x- i y-{-xy x =2p 

x 3 y B =q, 3(xx?y? + x i 3 y 1 2 y)=3.2q 

Whence x,y-t-y 1 x-t-3xx 1 2 y 1 B +3x, s yfy=2p-\-6q—2a + 4x i y 1 -\-4xfyf. 

Example. x 2 y 2 +x 3 y 3 =a. 2(x,xy?-\-x?yy. l )-\-3{xXi > y?-\-x 3 yy 2 )=4p-\- 
Qq=4a-\-2x 3 y 3 . 

E. Composites of A, B, C, D. 
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Make each homogeneous set of terms equal to a summand of the absolute 
term. Operate on these by A— D, and add the results. 

Example. xy+x-{-y=a. %y=P, ^i3/ + a; 2/i=2p 

x+y^l, x+x i +y+y 1 =2q 

Whence x t y + xy^+x+y + x x -f-y, =2x 1 y i + 2x 1 +2y i , and x i y+xy l +x+y 
— x i y 1 =a. 

Example. xy-\-x=l. xy=p, xy l -\-x 1 y^2p 

x—q, x+x-L=2q 

Whence x^y-\-xy t + x + x l =2(p-\-q)=2. 

Example, x s +y* + xy=l. x i +y i =p, 2{xx i -\-yy % )=2p 

xy=q, xyi+x i y=2q 

Whence xy t -{-x i y-\-2xx 1 +2yy^ =2. 

Example. x 2 +xy=a. x 2 =p, 2xx t =2p 

xy=q, xy i +x i y=,2q 

Whence x % y-\-xy^ -\-2xx i =2a. 



PROOF THAT FOR MAXIMUM CURRENT THE EXTERNAL 
AND INTERNAL RESISTANCES SHOULD BE EQUAL. 



By JAMES S. STEVENS, Professor ol Physics, University of Maine, Orono, Me. 

If we have a cells to connect we may take m series with n cells in each 
series. Then mn=a. 

By formula for Ohm's law, 

0=- nE 



m 



where r and R are respectively the internal resistance of each cell and the total 
external resistance. 

Dividing numerator and denominator by n we have 

E 



JL+*/ 

m n 

r It 

For maximum current it is necessary to make 1 a minimum. 

m n 

The expression takes the following form : 



